Abstract. We consider module categories of path algebras of connected acyclic quivers. It is shown in this paper that the set of functorially finite torsion classes form a lattice if and only if the quiver is either Dynkin quiver of type A, D, E, or the quiver has exactly two vertices.
(a) f-tors(kQ) forms a lattice. (b) f-tors(kQ) forms a join-semilattice (see Definition 1.2). (c) f-tors(kQ) forms a meet-semilattice. (d) Q is either a Dynkin quiver or has at most 2 vertices.
We remark that condition (d) is equivalent to the property that all the rigid indecomposable kQ-modules are preprojective or preinjective.
We also shows the following result. The paper is organized as follows. In section 1 we give a proof of Theorem 0.2 and give an important criterion for deciding if f-torsΛ is a lattice, together with some preliminary results. In subsection 2.1 we show our sufficient conditions for f-tors(kQ) to be a lattice. In subsection 2.2 we show that f-tors(kQ) is not a lattice for a path algebra kQ of an extended Dynkin quiver Q with at least 3 vertices. In subsection 2.3 we deal with a path algebra kQ of a wild quiver Q with 3 vertices, and show that f-tors(kQ) is not a lattice. In subsection 2.4 we put things together to prove Theorem 0.3. In subsection 2.5 we prove Theorem 0.4.
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1. Lattice structure of torsion classes for finite dimensional algebras 1.1. General results. Let Λ be a finite dimensional k-algebra. A full subcategory F of modΛ is a torsionfree class if it is closed under submodules, isomorphisms and extensions. We denote by torfΛ the set of all torsionfree classes in modΛ, and by f-torfΛ the set of all functorially finite torsionfree classes (i.e. torsionfree classes of the form SubX for some X ∈ modΛ). The following observation is classical. Proposition 1.1.
(a) We have a bijection
whose inverse is given by
(b) [S] They induce bijections between f-torsΛ and f-torfΛ.
Clearly torsΛ and f-torsΛ have a structure of partially ordered sets with respect to the inclusion relation. Definition 1.2. Let P be a partially ordered set and x i (i ∈ I) be elements in P . If there exists a unique maximal element in the subposet {y ∈ P | y ≤ x i , ∀i ∈ I} of P , we call it a meet of x i (i ∈ I) and denote it by i∈I x i . Dually we define a join i∈I x i . We say that P is a meetsemilattice (respectively, join-semilattice) if any finite subset of P has a meet (respectively, join). We say that P is a lattice if it is a join-semilattice and a meet-semilattice. More strongly, we say that P is a complete lattice (respectively, complete join-semilattice, complete meet-semilattice) if any subset of P has a meet and a join (respectively, a join, a meet).
If a map f : P → P ′ between lattices preserves a join and a meet of any finite subset (respectively, any subset), we call f a morphism of lattices (respectively, complete lattices).
We have the following statement. Proposition 1.3.
(a) torsΛ and torfΛ are complete lattices, and we have an isomorphism
Proof. It is clear that a meet of torsion classes T i (i ∈ I) is given by i∈I T i . Dually a meet of torsionfree classes F j (j ∈ J) is clearly given by j∈J F j . It is also clear that the bijection in Proposition 1.1 gives an isomorphism torsΛ → (torfΛ) op of partially ordered sets. Hence
We have an isomorphism of complete lattices: We now consider arbitrary finite dimensional algebras Λ, and show that f-torsΛ being a lattice is preserved by factoring by ideals e , where e is an idempotent element in Λ. Proposition 1.5. Let Λ be a finite dimensional k-algebra, and e an idempotent in Λ.
(
Proof. (a) This is shown in [AIR, Theorem 2.7] and [AIR, Proposition 2.27 ].
(b) This is a consequence of (a), using that an interval of a lattice is again a lattice.
1.2. Proof of Theorem 0.2. We denote by τ the Auslander-Reiten translation of Λ.
We denote by sτ -tiltΛ the set of isomorphism classes of basic support τ -tilting Λ-modules. Then we have the following result.
Using the bijection in Proposition 1.7, we regard sτ -tiltΛ as a partially ordered set which is isomorphic to f-torsΛ. Definition 1.8. [DIJ] We say that Λ is τ -rigid finite if there are only finitely many indecomposable τ -rigid Λ-modules. This is equivalent to |sτ -tiltΛ| < ∞, and to |f-torsΛ| < ∞.
For example, any local algebra is τ -rigid finite. In fact sτ -tiltΛ = {Λ, 0} holds in this case. A path algebra kQ of an acyclic quiver Q is τ -rigid finite if and only if Q is a Dynkin quiver. On the other hand, any preprojective algebra of Dynkin type is τ -rigid finite [M] .
We say that two non-isomorphic basic support τ -tilting Λ-modules M and N are mutations of each other if M = X ⊕ U , N = Y ⊕ U and X and Y are either 0 or indecomposable. Then any support τ -tilting Λ-module has exactly n mutations.
The following results play a crucial role. We assume that f-torsΛ is a complete lattice and that Λ is not τ -rigid finite. Take an infinite descending chain in Proposition 1.9(b). Since sτ -tiltΛ ≃ f-torsΛ is a complete lattice by our assumption, there exists a meet
(a). Since we have a descending chain
of finite non-empty sets, their intersection I := i≥0 I i is also non-empty. Then any k ∈ I satisfies
1.3. A criterion for the existence of joins and meets. In this subsection, we need the following result, which improves Proposition 1.9(a). Immediately we have the following property of non-functorially finite torsion classes.
Proposition 1.11. Let Λ be a finite dimensional k-algebra, and T a torsion class in modΛ which is not functorially finite.
Proof. The statement follows immediately from Propositions 1.7 and 1.10.
We give a more explicit criterion for existence of a meet and a join.
torsΛ has a join if and only if
) is functorially finite. Proof. We only have to prove (a) since (b) is a dual.
If i∈I T i is functorially finite, then it is a meet of T i (i ∈ I) in f-torsΛ, by Proposition 1.3. Thus we only have to prove the 'only if' part.
Assume that T i (i ∈ I) has a meet S in f-torsΛ and that T := i∈I T i is not functorially finite. Since S ⊂ T i for all i ∈ I, we have S ⊂ T . Since T is not functorially finite, we have S T . Applying Proposition 1.11, there exists S ′ ∈ f-torsΛ such that
Thus S ′ ⊂ T i holds for any i ∈ I. This is a contradiction since S is a meet of T i (i ∈ I). Remark 1.13. The statements in the above theorem mean that a meet (respectively, join) in f-torsΛ has to be the same as a meet (respectively, join) in the complete lattice torsΛ.
2. Lattice structure of torsion classes for path algebras 2.1. Sufficient conditions for f-tors(kQ) to be a lattice. Let Q be a finite connected acyclic quiver. In this section we give two sufficient conditions for f-tors(kQ) to be a lattice. Since for an artin algebra of finite representation type any subcategory is functorially finite, the first result is a direct consequence of the fact that tors(kQ) is a lattice.
When Q is a Dynkin diagram, the lattice f-tors(kQ) was shown in [IT, Theorem 4 .3] to be a Cambrian lattice in the sense of Reading [Re] .
The second sufficient condition is the following.
Proposition 2.2. Assume that Q has at most two vertices. Then f-tors(kQ) is a lattice.
Proof. If Q has one vertex, then kQ ∼ = k, hence the claim is obvious. Assume then that we have two vertices. Then our quiver Q is 1
− − → 2, with n ≥ 2 arrows. We can assume n ≥ 2 since otherwise Q is Dynkin. The AR-quiver is then of the form:
Here R consists of tubes when n = 2, and of ZA ∞ -components when n > 2. It is known that no indecomposable rigid module lies in R. 
for all elements of f-tors(kQ). It is clear that if neither T nor T ′ is T 1 , then T ∨ T ′ is the larger one and T ∧ T ′ is the smaller one. Further, T 1 ∨ T = T 2 (= modkQ) for T = T 1 , and
2.2. Tame algebras. In this section we deal with path algebras kQ of extended Dynkin quivers with at least 3 vertices, and show that in that case the f-tors(kQ) do not form lattices.
Proposition 2.3. Let Q be an acyclic extended Dynkin quiver with at least 3 vertices. Then f-tors(kQ) is neither a join-semilattice nor a meet-semilattice.
Proof. Since kQ is extended Dynkin with at least 3 vertices, there is a tube C of rank r ≥ 2 and there are r quasi-simple modules S 1 , . . . , S r in C. Since S 1 , . . . , S r are τ -rigid, we have that T 1 = FacS 1 , . . . , T r = FacS r are in f-tors(kQ). By Theorem 1.12 there is a join of these T i in f-tors(kQ) if and only if ⊥ ( i∈I T ⊥ i ) is functorially finite, where I = {1, . . . , n}. However ⊥ ( i∈I T ⊥ i ) = add(C ∪ {preinjectives}) which is not functorially finite, since it clearly cannot be written as FacY for any Y . Therefore there is no join in f-tors(kQ), and hence f-tors(kQ) is not a join-semilattice.
Since Q op is an acyclic extended Dynkin quiver with at least 3 vertices, f-tors(kQ op ) is not a join-semilattice. By Proposition 1.4, f-tors(kQ) is not a meet-semilattice.
Wild algebras.
In this section we show that f-tors(kQ) is not a lattice for the quiver Q is connected wild, with 3 vertices.
For a finite dimensional algebra Λ and a set S of Λ-modules, we denote by FiltS the full subcategory of modΛ whose objects are the Λ-modules which have a finite filtration with factors in S. 
O O Clearly Y belongs to the category A. We show that Y is uniserial of length ℓ + 1 in A. It is enough to show rad A Y = X ℓ . Otherwise rad A Y is strictly contained in X ℓ , and hence rad A Y = rad A X ℓ holds since X ℓ is uniserial. Then Y / rad A Y = E holds, a contradiction since E is not semisimple in the category A. Thus the assertion follows.
We shall also need the following.
Lemma 2.5. Let C be a full subcategory of modkQ closed under extensions. Then FacC is also closed under extensions.
Proof. Let 0 → X → Y → Z → 0 be an exact sequence in modkQ, where X and Z are in FacC. Then we have surjections f : C 0 → X and g : C 1 → Z, where C 0 and C 1 are in C. This gives rise to exact sequences:
From (2) and (1) we get the exact commutative diagrams:
Since C is extension closed, then Y ′′ is in C, and we have surjections
Combining the above results, we get the following. Proof. (a) It follows from Lemma 2.5 that T is a torsion class. Let T 1 := FacM and T 2 := FacN . Since M and N are rigid, the subcategories T 1 and T 2 are in f-tors(kQ). Assume that T is functorially finite. Then there exists a module X in T so that T = FacX. By the definition of T , there is a module C in A and an epimorphism C → X in modkQ, and hence T = FacC. Now let ℓ be the Loewy length of C in A. Since the modules M and N satisfy the conditions of Proposition 2.4, there is a uniserial object X ℓ+1 of length ℓ + 1 in A. Since X ℓ+1 ∈ FacC, there is an epimorphism C m → X ℓ+1 in modkQ (and hence in A) for some m ≥ 0. This is a contradiction since the Loewy length of X ℓ+1 is bigger than that of C.
(b) If f-tors(kQ) is a lattice, we know from section 1 that the join of FacM and FacN must be the smallest torsion class containing FacM and FacN , which is clearly T . But since we have seen that this is not a functorially finite subcategory of modkQ by (a), it follows that f-tors(kQ) is not a join-semilattice.
Since the kQ op -modules DM and DN satisfy the conditions of Proposition 2.4, we have that f-tors(kQ op ) is not a join-semilattice. By Proposition 1.4, f-tors(kQ) is not a meet-semilattice.
Now we are able to show the following result. − − → 2) be a full subquiver of Q. We regard the projective kQ ′ -module corresponding to the vertex 1 as a kQ-module M , and let N := τ kQ M . We show that M and N satisfy the conditions in Proposition 2.4 with p > 0 and q > 0. We have dimM = (1, a, 0) t . Since the Cartan matrix of kQ (see [ASS] ) is C = 1 0 0 a 1 0 ab+c b 1 and the Coxeter matrix of kQ (see [ASS] ) is given by
(Step 1) Since M is a rigid kQ ′ -module and Q ′ is a full subquiver of Q, it is a rigid kQ-module. Hence N is also a rigid kQ-module since τ preserves the rigidity of kQ-modules.
Since M is rigid, we have Hom 
On the other hand, we have by AR duality, Ext
Step 3) To prove Ext (c)⇔(d) By Proposition 1.4, the condition (c) is equivalent to that f-tors(kQ op ) forms a joinsemilattice. This is equivalent to that Q op is either a Dynkin quiver or has at most two vertices, by using the equivalence (b)⇒(d) for the quiver Q op . This is clearly equivalent to the condition (d).
2.5. Concealed canonical algebras and tubular algebras. Inspired by the proof that f-torsΛ is not a join-semilattice for path algebras of extended Dynkin quivers with at least 3 vertices, we have the following.
Proposition 2.11. Let Λ be a finite dimensional k-algebra such that the set of indecomposable Λ-modules is a disjoint union P ∪ R ∪ Q, where R is a family of stable standard orthogonal tubes, Hom Λ (R, P) = 0, Hom Λ (Q, R) = 0 and Hom Λ (Q, P) = 0. If there is a tube C in R of rank r ≥ 2, then f-torsΛ is neither a join-semilattice nor a meet-semilattice.
Proof. We only prove the assertion for join-semilattices since the other assertion follows by Proposition 1.4.
Let S 1 , . . . , S r be the indecomposable modules at the border of C. Since C is standard, then S 1 , . . . , S r are τ -rigid, and hence FacS i is in f-torsΛ for i = 1, . . . , n. Let T := n i=1 FacS i in torsΛ. Then T is the smallest torsion class in modΛ containing C. Since add(C, Q) is a torsion class by our assumptions, we have T ⊂ add(C, Q). Now if T is functorially finite, then there exists M ∈ T such that T = FacM . Since Hom Λ (Q, C) = 0 holds by our assumption, the maximal direct summand N of M contained in addC satisfies C ⊂ FacN . But this is impossible since addC is equivalent to the category of finite dimensional modules over the complete path algebra k Q of the quiver Q of type A r−1 by our assumption, and hence there is no upper bound of Loewy length of objects. Now we are ready to prove Theorem 0.4. It follows from Proposition 2.11 and by the properties of the concealed canonical (respectively, tubular algebras) listed in [SS, page 380] (respectively, [SS, Theorem XIX.3.20] ) since there exists a tube C of rank r ≥ 2 if and only if Λ has at least 3 vertices.
